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'On the Behavior of the Fundamental
. Solution of the Heat Equation with
: Variable Coeflicients*

S. R. S. VARADHAN

1. Introduction

ot

ke solution ¢(¢, x, ») of the equation
|

3(] i_q
2

the boundary condition ¢(¢, x, ) — 0,(%) as ¢ — 0 can of course be written
atly as

1
106 5.3) = @m) 4 exp [~ = 1x — 1o},

|x — »| denotes the Euclidean distance. Looking at (1.2) one sees
diately that

_ lim [—2tlog ¢q(¢, x,9)] = [x — y|2.

0

_l' € shall consider the analogue of (1.1). Let p(¢, «, ») be the solution of the

i _ a2p
' — %z u(x)m

i,d=1

the boundary condition p(t, x, ) — 0,(») as t > 0. We prove a formula
to (1.3):

lim [—2¢log p(t, x,5)] = d*(x, ),

=0

® dlx, y) is the distance induced by a Riemannian metric derived from the

Hents {g,,(x)} .
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432 S. R. S. VARADHAN

If G is a region with a boundary B, we consider the solution B(x, 4) of the
equation
0%¢

1> aylx) T 0%, =Ap for x€G

with the boundary value ¢ = 1 on B. We prove that

(1.6) lim [—(24)73/2 log (x, )] = d(x, B) ,

A0
where x is any point of G and d(x, B) is the shortest distance to the boundary &
from x.

The behavior (1.5) of p(t, x, ) is derived from the behavior (1.6) of éix, &
which is proved first. Although these results are closely related to certain proge
erties of Markov processes, the probabilistic connections will be explored
separately, [3].

Section 2 covers the preliminaries. The assumptions and the main theoress
are stated there. The later sections cover the actual proof.

2. Preliminaries

L stands for the following differential operator acting on smooth functioss
on R, :

62
@.1) Lf= b3 ay() ok

Ox; 0x;

The matrix {a(x)} of coeflicients is of course symmetric and positive definite and
the following assumptions are made concerning a(x):

(i) Uniform Hélder condition, i.e., for all i and j we have
las(x) — a(3)] S M |lx — y|* for all 5,5, x>

(2.2} (ii) Uniform ellipticity condition, i.e., there exist constants & and 4 such
that for any vector &, -, &, and ¥

D 5? = Eaﬁ(x)ff& = O‘Z ‘Ef :

We then consider the equation

op
(2.3) 5= Lp
with the boundary condition p(t, x, ») — 8,(») as t — 0. 2%

The following theorem concerning the existence of a solution plt, x,y) for |
can be found in [1], [2]. '
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Tuponem 2.1, Under the hypothesis (2.2) on the coefficients there exists a solution
%) for equation (2.3) and it has the following properties :
i) plt 5y 20,
W [ plt 2, 2)0(s,2, 2) &y = plt + 5, %, 2),
(i) p(t, x, ) 15 continuous in t, x, and y,
\iw) there are constanis M and o such that

Pt x,9) = Mt+%exp {— —% B3 —JIIZ} ,

(v} there are positive constants oy , oy , My, M, , A such that
v

b, 5.9) Z M+ exp = 2 — )

— Myt exp [~ 2 — ).

Frther pit, x, y) is unique.

We now introduce the metric 4. Let p(r), 0 £ 7 £ 1, be a smooth path in
&, . Then the length of such a path is defined as

() = f LB(r)a(p(r)(r) ]2 dr

Where pir) stands for dp(r)/dr, a=2(p(7)) for the matrix inverse to a(p(7)) and

801 for the quadratic form Sa, 0.0, ; {(p) is the natural length in a metri
0.0, ic
defined locally as o ;

ds? =Y a¥(x) dx; dx; .

The Operator L modified by a first order term is Laplacian in this metric. The

distance d(x, y) induced by this metric is defined as

24 dx,2) = inf Up).
v phmy

W !
'€ can oW state the first main theorem concerning the behavior of p(t, x, y)
tced in Theorem 2.1 for small £,

Trroren 2.0,

lim [—2t1og p(t, x, »)] = d*(x, )

>0

Sy over and y such that d(x, y) is bounded.

2

BT TR



434 S. R. S. VARADHAN

We consider an open set G in R, . Let B be the boundary of G. 1tis assumed
that every point b on B is a limit point of the exterior of G.
Let ¢(x, A} be the solution of the equation

L = Ad for re@G,
2.5)
b =1 for bebB.

The solution exists for 4 = 0, if the boundary value is properly interpreted
The next theorem is concerned with the behavior of the solution ¢(x, A) for large 1

Turorem 2.3.  With the assumptions stated above,

lim [— V_IQ“E log (x, A)J = d(x, B)

uniformly over compact subsets of G \U B.

We state some notation and a few elementary consequences concerning the
distance d(x, ). The distance {(x — ) A(x — »)]V?is denoted by {x — ylf, , whew
A is a positive definite matrix. If A is chosen as a7(2), then ||x — y| is denossd
by |x — »ll,; llx — » is of course the Euclidean distance. It is clear from the
assumptions that 4, | |, | |, are all equivalent in the sense that the ratio o
any two is bounded by a universal constant. We shall denote by Alx, y} any one
of these metrics. If ¢ and b are positive definite matrices, we shall mean &
a = b that ¢ — b is positive semidefinite. The following is a consequence of the
Holder condition in (2.2).

LivMa 2.4, There exists a_function 8(¢) | 0 as & | O such that if A(x,y) = & 88

[1 —d(e)]alx) S aly) = [1 + 0(e)lalx),
[1 —d(e)]a(x) S aM(y) 21 + dle)]a M) -
From Lemma 2.4 and the definition of d(x, y) we deduce
Lsa 2.5, There exists a function 8() | O as ¢ L0 such that if A(x)) S

and A(x, z) = e, then

[1—8(e)] lIx =i, S d(x,3) S L+ 6(e)] v —ls

3. Elliptic Equation

In this section we prove Theorem 2.3. The method consists of comparnng
nts i & 8

solution with the solution of an equation having constant coefficie :
he maximus

domain and then piecing together the estimate with the help of t
principle.

s follows:
Se = [X: “x —'))“y < 8] 5

B, = [x:llx = ylly = ¢].

We denote by L, the operator
oY

Ox, Ox;

Lf=1% Z a;( )

1 s an operator with constant coefficients. Let y,(x, 1) be the solution to the

qlllﬂﬂn ] 3
Loy, = Ay, fdr xes,,
(11 '
p, =1 for xeB,.
Turonem 3.1, For every 4 > 0, w(x, &) is explicitly given by the formula below for
RES, :
h (V22
pe(x, Ay = M Sor k=1
cosh (V21 ¢)

e (V221 cos B) sink2 0 df

0

f cosh (V22 & cos 0) sin*2 § df
0

¥l X, 1) =

W = x — ||, . Forall k, w(x, A) is a convex function of x.
Proof: The proof is elementary and consists of direct verification.

THEI:RI-.\I 3.2. For every p > O there exists a constant ]V[p < 0 depending only on
e dimension ). 5. that, for all v, & and 2,

ve(3, A) = M, exp {—e(l — p)V2]}.

me-.f; When x = y or r = 0 the numerator in Theorem 3.1 reduces to a
“HSIon constant. As for the denominator, it can be estimated from below by
t{ﬂg the range of integration to the region 0 £ § < cos™H1 — p).

© Bow consider the sets

T, = [x:d(x,p) <¢],

D, = [x:d(x,y) = ¢].
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Let 3 be an arbitrary point in R, . Let theset S, and its boundary B, be defined
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Then in view of Lemma 2.5, there exists a function d(¢) | 0 as ¢ 1 0 such tha
the set
‘ S=[x:x —2l, < e(l —6(e))]

is contained in 7. Let B be the boundary of § : ]
B = [x:lx — ylly, = (1 — &(e))] -

Obviously B is contained in T, U D, .
Let f,(x, 1), g,(x, 1), and A,(x, A) denote the solutionsof the following equations.

Lf=Af  for xeT,,

(32) f=1 for xeD,,
Lg =g for xeds,
(3.3) g=1 for xeB,
L= 2k for xes, )
(3.4) h=1 for x€eB. '
Lemma 3.3.

S, h) =g 4) . L

Proof: From equation (3.2) it is obvious that f < 1 in T, U D,. Smu
B < T, U D,, it follows that f < 1 on B. But fand g satisfy the same equalies
in S and on the boundary B of §, ¢ = 1 and f < 1. Hence f < g everywhere s s
Therefore in particular, f(y, 3) = g(», 4).

Lemma 3.4, There exists a function 8(g) | O as € | O such that
g(»2) S h(y, A1 — 6(¢))) -

Proof: By Theorem 3.1, % is convex and by Lemma 2.4

1 - i
o) E 540
Therefore,
o2k 1 0%h
B2 eul) Ox; 0x, = 2(1 — 8(e)) 2.04(7) Ox; 0%
1
= L
(1 —é(e)) *
A
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Lh(x, (1 — 8(e))) <M in S,

But
Lg(x, A) = Ag in S

>

and & and g have the same boundary value on B. Hence the solution g(x, 1) is
ssmaller than i(x, A(1 — d8(¢g))) in S. In particular,

g5 ) = k(3 A1 — 6(e))) -

Tuporesm 3.5, The solution fi(x, 1) of equation (3.2) has the following property.
There exist a function 6(¢) | 0 as € | 0 and a constant M, < oo for every p > O such that,
forall e, y and A, ;

£, 1) S My exp {—(1'= 8(e))(1 — p)eV/2F} .

The proof is immediate from Theorem 3.2 and Lemmas 3.3 and 3.4.

Let G be any arbitrary region with a boundary B. Let ¢(x, A) be the solution
to the equation

Ly =24 for xeG,
3.3)
¢ =1 for xeB.

“Gil unbounded, we determine # by the additional restriction that 0 < b =<1
G s bounded, it is automatically true that 0 < ¢ < 1. Let

(36) d(x, B) = inf d(x, b) .
el

We then have the following estimate concerning ¢(x, 1).

Theorem 3.6, For every p > 0, there exists a function C,(x) such that

$(x, 1) = C,(x) exp {—(1 — p)d(x, B)V22} .

.C,(z) “?‘"’d{ only on d(x, B) and is uniformly bounded whenever x varies in such a way that
\ B) remains bounded.

Proof: Letxc G be arbitrary. Then the set

SR = [)’Z d(x,)’) < d(xa B)]
 obvioy)

¥ Contained in G and its boundary is

'BR = [}'3 d(x,y) = d(x> B)] .
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Hence if %(x, ) is the solution of

Ly = iy for  peSp,

3.7y
p=1 for  yeBy,

then

$lx, A) = plx, 4) .

To estimate y(x, 1) we choose ¢ small so that ne = d(x, B) and define the wa
8158, 0+ 8, as follows:

S5 = Lyt dlx, ) <jel,
B; =[y:d(x,y) = je] .
Let 9, be the solution to the equation

Ly, = Xy, for y in S

72

(3.8)
p, =1 for y on B;.

We estimate 9, on B, . Itis obvious that if b; € B;, theset S = [y:d(b;, 1) <4
is contained in S, and hence

Vil A) /06, 2)

where f, refers to the function defined in equation (3.2). Therefore,
(3.9) Vira(by, 2) £ M, exp {—[1 — 8()](1 — p)V22 s} .
Now we can use the inequality

by, A) = pialby, A) sup  ¢(byyy, 4)

bi+18 8541

which with (3.9) leads to
(3.10) $(x, ) S [M,]" exp {~[1 — 8(e)](1 — p)neV/2A} .

Since 8(g) | 0 as ¢ | 0 and since ne = d(x, B), this leads immediately 1 the
theorem.

For the rest of the section we shall be concerned with obtaining a lower bound-
Let y be an arbitrary point in R, , let S be the set

S=[x: s ~ 5, <e]
and B its boundary

B=[x:|x —yl, =¢].

LOLUTION OF HEAT EQUATION WITH VARIABLE COEFFICIENTS 439

[ is that part of the boundary B defined by
T =[o: s —sly =, Ix = zl, <eV2y],

" hese s isapointof Band 771s a positive number. So I is a small portion of the

M‘ry arnlltld iz

Let é(x, 2) be the solution to the equation
Lp = A for x in §,

@) é¢=1 for x on I,
¢=0 for x on B-—1T.

We have the following theorem giving s a lower bound on ¢(y, 1) .

Puvonesm 3.7.  There exists afunctianré(e) 10 as e | 0 and a constant M, for
v p > O such that for all y and A

$0 k) Z exp {—e(l + 8(e))V2A[L — M, exp {—e(n — p — 8(e))V22)] .

Proof:  Let 6 be a vector in R, . For any z in R, 0z is the scalar product
L0, . For xin S we have

L@V = L[fg(x)0]ed= v
2 11 — d(e)(BAGe=,
where A = a(y) . Putting 2 = 3(1 — 6(¢))[0A6] , we have
LAV = 190 for x in S,

Hence if g(x, 2) is the solution to

‘ Lg=2J¢ in S,
{3.12) =48
g=¢&"v for » on B,
then
e F 2 g, 2)

Ket yix, ) be the solution to
{3.14; Ly =4y for x in §,
. w=1 for x on B.
Then from Theorem 3.2, there 1s, for every p > 0, a constant M, such that

) P0s2) < M, exp (—e(1 — p)VET) .
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Let us now take the vector 6 = kA=1(z — 3), where the constant k is 10 be
chosen later, such that

(3.16) A=} — 8(e))[6A6] .

The following estimates are easily obtained:

sup 8(x —y) = ke?,
zeB

sup 0(x — ) = ke?(l — 7).
xeB-I
Hence on B,

(3.17) AV L retomrhety ()

where yp(x) is the indicator function of I'. Let us recall that ¢(x, A) satisfies the
equation

L =) for x in S,
(3.18) ¢ =1
¢ =yp(x) for x on B,

and compare the equations (3.12), (3.14) and (3.18). The functions g, v, and ¢
satisfy the same equation in § but with different boundary values £, |, and
xr(x), respectively, on B. Since (3.17) is valid on the boundary, the following
inequality is valid throughout §:

(3.19) g, 2) S M0My(x, 1) + G (x, 1)

Setting x = y in (3.19) and using (3.13), we obtain
FEATMY(3,2) + PG5, 0) 2 1.

Using now the estimate (3.15) for y(y, 1), we get

(3.20) B, X) Z ek — g AL pms1-m VIR

Now (3.16) leads to the value ek = {1 + 5(8)]\/ﬁ Substitution of this Vi_'“‘
of k in (8.20), a little simplification and replacement of §(¢) by a larger functss
which again tends to zero as ¢ — 0 yields

<f>(], Z) = e-s(1+¢5(e))‘/2_).(1 _ Mpg«e(r]—p—é(e))\/zl) .,

This completes the proof. st
Let y and z be two arbitrary points in R, with d(x, y) = e. Let Sbe the

S = [x:d(x, 2) < 2eV7].
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We consider the solution ¢(x, 4) of the equation
L$ = Ap for x in the exterior of R, — 5,

{ =] or x on the boundar of §.
(321) f he boundary B of §

We further assume that 7 is small enough so that y is in the exterior of §. Then we
have

Tueorem 3.8, There exists a function 8(¢) | 0 as £ | 0, and a constant M, for
wery p > U such that, for all y and z,

$00, 4) Z exp {—e(l + 8(e))V2A[1 — M, exp {~(n — p — 8(s))V2A}] .
Proof: Leté& = ||y — z|, . Choose 7" such that the set
E =[x x — 2], < eVay)
% contained in S. Let F denote the boundary
F=[x:|x — z|, = &V2r]
W8, Let pix, 2) be the solution to the equation

Ly = 2y for x in the exterior of £,

s
wy=1 for x on F.
Let §° be the set
ST =[xt flx =y, < €]
with boundary

B = [x: v — I, = ¢
Md M the set T = B' N E. Let £(x, 4) be the solution of
(3.3 ’ Lg =g for » in %,
g=yp(x) for x on B,

Sice E C S and v is the solution to (3.22) in the exterior of E, y is defined on the
dary B of Sand 0 <y <1 on B. But ¢ is the solution of (3.21) in the
Exterior of § and therefore for x in the exterior of §

a0 B0 D) Z 9, ).

31_‘4 be Iiht set 8" N (exterior of E). Its boundary is given by [B’ N (exterior

& AJ] :\Js :fF N S"). Then g and y are both solutions of the same equation Lf = Af
. or

their boundary values,

on B’ N (exterior of E), g=0, p=20,
on FNJS, g=1, p=1.

e
"
.



442 S. R. S. VARADHAN
Hence throughout 4, ¢ > 2. Since y is in A, we have with (3.24)
) Ze(5, 2) .
Using Theorem 3.7 to estimate 2(», 4), we have
802 4) Z exp {=#(1 + 6(N) VAL — M, exp {=(0' — p — o(e"))V/EHY].
It is easy to estimate using Lemma 2.5:

¢ = e(l + 48(e))

and

Therefore for ¢ small enough, 7" Z n and this proves the theorem.

Let y, z be two points with d(y, z) = d. Let n be an integer such that se = &
Let G be the sphere around z of radius 4eV

G=[x:d(x,z) <4e\V7].
Let ¢(x, A) be the solution of the equation

Lp = 2¢ for «x in the exterior of G,

(3.25) b =1 on the boundary of G .

THEOREM 3.9 For the solution ¢ of equation (3.25) there exist a function 8 40
as € | O and a constant M o Jor every p > O such that

¢ ) Z exp {—d(1 + 4V n)(1 + 8(s))V 22}
X [1 = M, exp {—e(l — 4V9)(n — p — 8(e))IVIA"

. : t
Proof: Let the points y = y, s V1> Yasccv,9, =z be chosen such tha

d(9:59;11) = &; nebeing equal tod. Lete > 0. Construct the sets C, suct essively
as follows:

Cy = S(1 s 23\/7% s

Co= U S, 2Vyd(z,, ),

2160,

Ga=U St s 2\/; d(z;, ¥;41)) 5

2;€C;
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and let

A, = sup dz,y),
2;€C5
Pim1 = sup d(z,4,%),
2;-18C 1
Mg = inf d(zj_l ,}g) .
2516051
Then
P =€+ By,
Mz e — Ay,
A 2V pia,
PO = 8’ ?Aio =S 0 .

1 Bllows from these equations that

Ay S 2V + @V + - 2V

-1
eV ———
o 771—2\/77
<4eVy  for 2V =3, j=1,2-n

W4 1 & typical distance from C; t0 9,41, then

e— A Sg, Se+ A,
% that

el —4Vy) <& Se(l +4V7).

Now we can apply Theorem 3.8 and obtain a uniform estimate for x in Crq -
Repeated application of Theorem 3.8 leads to

B0, 4) 2 exp {(—d(1 + 4V7)(1 + 8(e))V2A}
X [1 — M, exp {—e(l — 4V )y — p — 8(e)) V22" .

Pores 3.10. Lot 2 e 4 point in Ry, S the sphere S = [x: d(x, z) < 9].
#(x, 4] be the solution to the equation L = A in the exterior of S with ¢ = 1 on the

of 8. Then
1
lim inf —== log ¢(x, 1) = —d(x, z)
m inf 7 log b(
W)’ Wer all x, z and b, provided & remains bounded away from zero and d{x, z)
boundeg
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The proof follows at once from Theorem 3.9. One chooses 7 first and then
p and ¢ suitably; n remains bounded for any & > 0 if 4 is bounded.
. Let G be a region with exterior E. B is the boundary of G. It is assumed thas
B is also the boundary of E.

Lemma 3.11. Let x € G and let d = d(x, B). Then for any & > O there sxisgs &
d > 0 and a point z € E such that

() dx,z) Sd + e,

(i) [v: d(3,2) < 6] € E.
Moreover & can be chosen uniformly when x varies over a bounded subset of G.

Proof: Letx € G U B. Then there exists a y on B such that d(x, B) = 4 %, 3.
The sphere around y of radius 4e has a non-empty intersection with £ and these
exists a sphere around some points z of some radius é completely contained

inside the intersection. Obviously d(x, z) = d(x, %) + %¢. To show uniformity
we point out that if " is in G U B with d(x, x") < }¢, then '

d' =d(x',B) Z d(x,B) — d{x, «")

=d—%e
Z d(x, 2) — $e — }¢
= d(x, z) — ¢,

or

dix,z) 2d + e.

In other words, the sphere of radius ¢ around z serves not only for x but fot_l
neighborhood around x as well. A routine compactness argument using Haie
subcovers proves the lemma for compact subsets of G U B or for bounded subsets
of G.

Now we can prove the main theorem: 7
TuEOREM 3.12.  Let G be any region with boundary B. B is assumed to be the boundary
of the exterior E of G as well. If ¢(x, A) is the solution of the equation
L =24 for x in G,
¢=1 on B,
then

lim [- 7127 log ¢(x, z)] = d(x, B)

Ao

uniformly for x varying over bounded subsets of G.
The proof follows from Theorems 3.6, 3.10, and Lemma 3.11.
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4. The Fundamental Solution

Let F(1) be a nondecreasing function of ¢ for ¢ = 0 with 0 < Ft) £1 and
Fl0) = 0. Let ¢(4) be the Laplace transform -

@y $(A) = f “eir dF(r) .

We assume that the {¢,(1)} are Laplace transforms of {F,()} and that
) 1

(4.2) ilix:c [— \/ﬁ log ‘ﬁa(}*):l = da »

!
where the d, are such that 0 £ 4, < D < o0, We want to conclude that if the

St in (4.2) is uniform with respect to «, then

{4.3) lim[:—Qtlog Fa(t):l = d?
=0
uniformly in o,
Initially we assume that (4.2) holds uniformly and that in addition 0 <dz=
% £ D < . The following lemmas are conclusions regarding F, (1) -

‘kl:!llu\ 1. For every & > O there exists a constant A, < o suck that, for all

F () £ 4, exp { - Q—Q:—E)dg}.

Proof:  Since 0

2 holds uni <d=d, =D < o we can conclude, from the fact that
all >0 s uniformly, that for every ¢ > 0 there exists a constant 4, such that for
(44)

$.(4) £ A4, exp {—V1 — & V24 du} .
M8llows from (4.1) that
B (4) Z eHF (1),
or
“.3)
Qﬂo-ing A= (

(1 — £)d%/2¢ and combining (4.5) and (4.4) we get

Fo(t) = eMg,(2) .

F(t) £ 4, exp { _a ; €) a
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CoroLLArY 4.2. ever,

lim sup 2t log F,(¢) < —d?

a
=0

b (A) = lj;we““Fa(T) dr

x't kt S
= AU +f +f ]e*lfFa(T) dr .
0 k't Kt
i

Aherefore, substituting 2 = ¢2/2#2 and combining (4.6) and (4.7) with Lemmas
40 and 4.4, we have

o dir (1 + &) 42 2¢D? —
R T

uniformly in «.

Lemma 4.3, For every & > 1,

e & 9.4 2 (1—ed
ST ) dr < 22 T P
L eXp{ 2;2} A7) 4T = CXP{ 27 t}’

where p, = Yd*(k + 1/k — 2) .
Proof: Using Lemma 4.1, we have

@ d*r fm { dzT} f (1 — 8>d2} )
_ e < 4 o al N T %l g
J;t exp { 21,‘} LT)dr = A4, y exp o7 exp l 5 d

B t
‘Where p = .m’in (P> Pw)-
For a given k and £” with ' < 1 < k one can find & small enough so that

' -.i, # = p < 0. Therefore, we conclude from (4.8) that, for every k, k' with
y @ 1 > (1 —_ 8> 3 r<I <‘,
= A, exp|{— —d2ju + du .
k 2t . u 13 :
o lim inf 71 it a2
"ol o (U —oar . T mint stog| [ exp{~ )i ] 2~z
= At | expi{— —Flexpi— ———Lju 4+ W -
k 2t l 2t u . . .
—ory ly in a.
24,12 (1 —&d®  py - On the other hand,
e e R |
Pt y J‘kt { dz,r} N P k' d?
=t exp | — P . <F, kt _ 2
LemMa 4.4, For every k' < 1, i o 94 (7) dr = F(kt) exp { %7 }

SR with (4.9) yields

liminftlog F,(kt) = —d? + 42,

=0

where p,, = yd*k" + 1/K" — 2] .
The proof is similar to that of Lemma 4.3. lim inf 9¢ log () = —2kd? + k' d?
0
Lemma 4.5.

W¥in % Since k and # can be chosen close to 1 h
lim [——Qt log Fa(t)J = d? o 1, we have
—0

lim inf 2¢ log F,(¢) = —d?

uniformly in o. . o t—0
Proof: Because of (4.2), there exists, for every ¢ > 0, a constant B, such ' _‘.r W 2. This is one part of the lemma and the other part is Corollary 4.2
forall 2 = 0 ; We drop the assumption that > 0. We assume only that 0 < d, < D.
4.6,

(4.6) b (A) = B, exp {— (I + VA dY. Lemma 4.5 still holds if we assume only that 0 < d, < D.
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Proof: It is of course enough to show that if, for AZ Ay,

1
—e S — ——=logd (M) = ¢
i g $a(4)

then there exists a ¢, and a function 7(g) — 0 as & — 0 such that
—n £ —2tlog F(t) = 7.

Since 0 < ¢,(4) £ 1and 0 S F, () =1, one side is trivial. If

gz eV for Az,
we shall show that for & small enough there exist 7 and {, such that
F () Zz et  for 1<ty .
To prove this we notice that

$u(h) SE) + 7,

or

Fa(t) ; (}Su(}') —e M
VA it for Az A,

v

Choose 4 = 2/, Ift =ty = \/5/7(; and & < }, then
Alt) Z e — )

which concludes the proof.
We have, therefore, proved the following theorem:

TuroreM 4.7. Let $, (1) = Jwe“*‘ df (7). If
0

T [_ ;/12__/1 log d)a(l):‘ = d,

Ay ©

uniformly in o and if 0 = d, < D < o, then

lim {——Qt log Fa(t):\ = d2

=0
uniformly in o.

Let G < R, be a region with a boundary B. Ttisassumed that
of the exterior of G as well. Let S be the cylinder in R, x (0, o)
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That is,
S=G x (0, o).

The boundary of S is {B x (0, o0)} U {G .
%% 1 10 the equation )} VAG x {03}, We consider the solution

u, — Lu =0 for (x,t) € G x (0, 0)
$10) u(x,0) = 0 for xeG,

u(x, ) =1 for xe€B, t>0.
.Tbe solution to the equation exists and has the properties:

ulx, t) is nondecreasing in ¢ for ¢ > 0
: == "{
D=ulx,t) 1.

Tueorewm 4.8.

lim sup 2t log u(x, 1) < —d?*(x, B)
-0 o ,
ssifsemly over all regions G and points x in G so long as d(x, B)

remains bounded.

Proof: 1If $(x, 1) — f“’ i
| ) , e~*u(x, dr) , then ¢(x, 1) satisfies the equation

L¢=2¢‘ for xeG’

¢ =1 for xeB.

11

From Theore
'm 3.6, there exist
xists for every p>0,a Cp < o0 such that

- $(x, ) = C, exp {—(1 — p)V27 d(x, B)}
as d/ ;

%, B) remains bounded. From equation (4.5), we have
(x t) < elt¢

for
Svery 4 2 0. Choosing 2 = (1 — p)2 42(x, Byj2r,

u(x, 1) £ C, exp {(1 ~ p)?d%(x, B)
which 2t
Proves the theorem.

Theog EM 4
9, 7 ] 7
he fundamental solution b(t, %, ) of Theorem 2.1 has the property

lim sup 2¢1
poup atlogp(t v.y) = —d¥(x, )

Sfrmally o
O over qf] X,y such that d(x, ¥) is bounded.
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Proof: Let d(x,y) = d. Define, for any e >0,
| G=1[z:d(x,z) < d— ¢},
B=[z:dlx,2) =d — ¢].
Then p(t, x, ) satisfies the equation
p,—Lp=0 for (x, ) in G x (0, o),
(4.12) p(0,x,9) =0 for xel,
plt, x,y) = pt, b, 3) for beb.
If u(x, t) is the solution to
u, = Lu =10 for (x 1) in G X (0, 00),
(4.13) u=0 for x¢G and (=0,
u=1 for x€B and t>0,

then clearly

(4.14) Pt %,3) = [ sup p(r, b’”} ulx, 1) .

0=7 @

beER

Since d(b, y) = &, we have from property (iv) of Theorem 2.1

(4.15) sup sup p(7, b,y S M, < ©.

Q<<r<tc0 BhER

Hence, combining (4.14) and (4.15) with Theorem 4.8, we obtain

Hm 2tlog plt, x,3) = —(d — €)%

t—0

Since ¢ is arbitrary, this proves the theorem. However, apparently the uni}'itlliil“
holds only in regions of the form 0 <& = d(x,y) = D < % But the ¢rcﬂ
estimate in Theorem 2.1,

it x,0) = Ci=*2 exp {M
by A = T

>

establishes the uniformity over all x, y such that d(x, y) remains bounded.

We now proceed to obtain a lower bound on p(t, x, y) for small .

and

TreorEM 4.10.  There exists a function y(e) such that y(e) — 0 as &= 0

liminf  inf  2tlog p(t, x,9) = —y(e) -

=0  ryvid{ay)=e
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Proof: Let s > 0. Define G, and its boundary B, by

(3 2) >s],

G, = [z:d
B, =1{z:d(y, 2) =3].

Lot &, v, {: be the solution to the equation

4y, — Lu =0 in G, x (0, o),
{4.16) u =1 on B, x (0, o),
u=20 on G, x {0}.

Letd(x, 2 .—.f e*u (x, dr). Then ¢(x, &) satisfies the equation
0 .

Lé = A in G

¢ =1 on B

8

4.17)

From Theorem 3.9,

WU b,0x, ) Z exp {—d(1 + 4V (1 + 8(e))V2A
X (1= M, exp {—e(l — 4V (n — p — 5(e))V2R)]"
::f;: d;:lti(x,_y), &, 7, p are arbitrary, ne = d, with the restriction that s >
u (%, 8) Z polx, A) — e

for every .},. let us choose 1 = 8/2, ¢ = 5 and 1 small enough. We further put
* = V& Then using (4.18) we get

£.19) oy 4d o
: Byi(r 1) Z exp {= — (1 4 O)}(1 = M,e=CIVHar i g,

where 0 is .
© ¥ 18 a small number which can be chosen arbitrarily small. This function

B defined for ‘ E
4 e for x such that d(x, ) = 5 = V2. Tt is clear from (4.19) that if ¢ < 1
20 . =

) lim inf inf tlogu ;(x, t) = —4e.
=0 2,y:d(x.y) ;:\\’/;
diz.y) =e

wt Ny .
. .
consider the solution uy(x, ty , t) to the equation

u, — Lu =0 n G, x (0, c0),
4.21) u=0 on B, x(0,4),
u =1 on B, x (t, ),
u =10 on G, x {0}.
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It is clear that
Cu(x,ty,t) =0  for  t =1,

u (%, to , t) = (%, t — to) for P>t

We are interested in u (¥, ¥, t) = u 7(%, 1#). From (4.20) we deduce

(4.22) lim inf inf tlog uv;(x, i, 1) = —8e.
=0 (@y)id@y) ZVE
d(xy) Se

Going back to p(t, x,») we see that it satisfies an equation similar to (4.21’ o
G, x (0, w0) with different boundary values. However, since the solution
u,(x, & , t) depends only on the boundary values on B, X (0, ) for 0 < v <t

- SR

we conclude by direct comparison that

2L, x,9) = uy(%, by £) inf p(7, b,) .
beB,
tysrst

Since t, and ¢ are arbitrary, we choose £, = tand s = v/t . Therefore,

(423) ﬁ(t, x:.y) g uv% (x9 %t) t) inf P(Ta b))") O

ber‘t
st

For ¢ sufficiently small we have from property (v) of Theorem 2.1
inf p(r,0,9)Z2y>0.
veByi
hi=rst

This with (4.22) and (4.23) yields

lim inf inf 2t log p(t, x,») Z —8¢.
- Az, Se -
T ey

On the other hand, if d(x,y) = Vi, again from property (v) of Theorem 2.4,

liminf inf  2tlogp(t, x,3) 2 0.

=0 @vdEvs Vit

This completes the proof.

TuroreM 4.11. Let ¢ > 0 and let G, be the set [z:d(y, 2) < €. If km 0%

defined as

k(x, t,9) =| p(t %, 2)dz,
Gy
then
lim inf 2t log k(x, t, ) = —d*(x,7)

t—>0

uniformly over all x, y such that d(x,y) is bounded.

1
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Let
i H, = [2:d(, 2) > }e],

J B, = [z:d(y, z) = }e] .

j , property (iv) of Theorem 2.1 it follows that

k(x, t,5) >1 as  t—0

y for xon B, .

ume that uix, t) solves the equation

4= lu=0 in  H, x (0, ®),
1
=1 on, B, x(0,w),

©«=0 on H, x{0}.
Laplace transform ¢(x, 1) solves the equation

L¢ =i for x in H,,
! (f) =1 on B,, 5
on  Theorem 3.12 it follows that

) 1
lim [——- \737 log ¢ (x, Z)J =d(x,B,)) .

t—+o0

Feover, from Theorems 3.6 and 3.10 it is clear that the above limit is uniform

SWEVer dix, ) remains bounded. Of course g(x, A) is defined only when

; 2 §e&. Now from Theorem 4.7 we obtain
48

Lim 2t1 —
lim 2t log u(s, ) Z ~d(x, B) 2 ~(x,)
- '
d’(x., ) x:cn.lains bounded. Standard comparison of k(x, ¢, »)
* @n equation similar to (4.25) with u(x, t) shows that o
]
k(x, t,5) Z u(x, 1) inf (b, 7,3) .
0Lr=¢
veB,

: (-25%{31’1(1 (4.27) complete the proof insofar as the region d(x,y) =
: + Hlowever, property (iv) of Theorem 2.1 shows that B

k(x: t:)’) —1 as t—0
over the set d(x,5) S }e.

PSS )
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THaeoreM 4.12.

lim inf 2t log p(t, x,v) = —d%(x, »)

t—=0
uniformly over all x, v such that d(x, ) is bounded.
Proof: If G, is the set [z: d(y, z) £ &], then

Pt x,5) = f (1Y — 816, 5, 2)p(8t, 2, 3) dz

g G p([l - é]& X, Z)p(éto Z:J’) dz

= k(x, [1 — 0]4, ) inf p(dt, 2, 9) .

zed,,

Therefore, for every ¢ > 0 and 6 > 0, applying Theorems 4.10 and 4.11 we get

42(x
lim inf 2tlog p(¢t, x, ») = — ‘:—1—(13%) + %—QJ .

=0

Since § is arbitrary, let us choose

Iy
d(x, ) + [p(e)]*?

Then
lim inf 2¢log p(t, x,5) 2 —[d(x,9) + [y(e)]¥*] .

-0
Since ¢ is arbitrary and y(e) — 0 as ¢ — 0,
lim inf 2¢log p(t, x, 9) = —d*(x, ) .
-0

Since d(x, y} is bounded, the only possible trouble regarding uniformity Cal‘l“"f'f""r
when ¢ — 1 or d(x, ») is very small. But then Theorem 4.10 can be used directly
to show that it is uniform even around d(x, y) = 0.

We have finally proved

TrEOREM 4.13.
lim | —2log p(1,5,5) | = &¥5.5)
=0

uniformly in x, y such that d(x, y) is bounded.

. . H dary
Remarks.  The assumption in Theorem 3.12 that B is the common Ul“mfora
of G and of its exterior can be weakened further. It suffices to assume thak

SOLUTION OF HEAT EQUATION WITH VARIABLE COEFFICIENTS 455

dense set By < B, every sufliciently small sphere § around b, € B, is disconnected

by B.

We can consider equation (2.3) in a domain G = R, with the extra condition

] Jat the solution is zero on the boundary. Then there is a formula similar to

Thearem 2.2, where d(x, ) is replaced by d(x,y) which is the length of the
Jirtest path from x to y not leaving G.
These results are best proved using probabilistic methods and are therefore

left o [3].
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