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This is under the assumption of (5.1); Theorem 2 follows immediatel: Setting
Q = QN gives Corollary 2.1 and (1.5). For Theorem 3, we remark that |«

1.6
implies

N [oa) N
> Bl = o "2 S PGl > 2y
1 0 1

< pCN*| 10 4

0

Ta pe
I
e \f €

We apply (5.4) with p =log N. Thusif Q, = 1,

a\1/7 1/e 1/p
e o= (X 3 o = ovm

€ B £
3/20 '
“___1_ = 1_ N3z < N_I — 0(_.1:>
N{(p-2)/2(p+1) VN T AN VN

» 1)

FQ, e Qv N3P/ log N (log N )2/et+i/2}
(—«( 15)/4) Vig N2 80 0(< e N))
Nir- VN VN

and Theorem 3 follows.
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Diffusion Processes in a Small Time Interval*

5. R. S. VARADHAN

1. Introduction

Let X(t) be a diffusion process in £ dimensions with diffusion coefficients
15, + ). The transition probability densities of the homogeneous Markov process
A ! are given by the fundamental solution.ip(t, ¥, y) of the equation

op oy
P! o b2 ) Ox, Ox;

s interest is in the behavior of the process X(t) for small ¢, For that purpose
we introduce a small parameter ¢ > 0 and define a process X, (1) = X(et). We
fonsider in detail the process X,(#) in a fixed time interval [0, 7]. This of course
siresponds to studying the behavior, as € — 0, of the diffusion processes cor-
teponding to the equations

op . 0%
7 = P2l 5 o,

A Silar analysis for Brownian motion was carried out by M. Schilder {4] and
Sl an analysis has been used by Donsker in [2]. The same approach in connec-
B with processes with independent increments was considered by the author, [6].

Section 2 outlines the contents of the paper and describes some preliminary
SWEnal. The later sections contain the actual proofs.

2. Preliminaries and Summary
We denote by L, the operator

2.1 0%

Lf=3e 3 ay() O0x. Ox;

BSE on smooth functions on R, . The following assumptions are made regarding
Tl .- N

the \nti{uuuts {aij(x)};
N 14,(x)} is a symmetric positive definite matrix for each x.

—

T
his par . . : e
T * Paper represents results obtained under a Sloan Foundation grant for Probability and
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660 S. R. 5. VARADHAN
(B) The coeflicients satisfy a uniform Hélder condition:
la;;(x) — ay;(M) & M|z —y|*.
(C) The matrices {a;,(x)} satisfy a uniform ellipticity condition:
0 2 S Y a0 S ay > £

for some 0 < a; = o, < 0.
Under these assumptions there exists a fundamental solution Pt 2 900
equation :

0 the

%

Ox, Ox,

E)
(2.2) —5 = %e 2 a;(x)

Moreover, if we denote L, for ¢ = 1 by L, and the corresponding b, (. x, 3 by
pit, %, %), it is obvious that

(23> ﬁe(t, x)J}) = p(‘c‘t: x, 7).

Let us choose and fix a 7' < o0. We denote by Q the space of all continus
functions w(t) on [0, T'] with values in R, . The topology in  is that of unifies
convergence, The measurable sets are the Borel sets. We denote by L a8
functions w € Q with @(0) = x, where x is a point in R, . For any set 4 & &
A, will be the intersection of 4 and Q,, JJw| will denote the sup norm.

For every ¢ >0, p,(t, x,y) satisfies the Chapman-Kolmogorov equaticis
(semigroup property)
(2.4) Pt A+ s, x,p) =J bt x, 2)p (s, 2, 9) dz .

We can therefore use these functions as probability densities and constries &

Markov process. For each ¢ > 0 they lead to a measure Pt on {2 cor
to the process starting at time ¢ = 0 at the point x. In other words,

espe -I-.t‘;lil_ﬂ

(2.5) Pe{Q ] =1.
If 4 < Q is a eylinder set of the form

4 ={w: o), - ol,) €B},

1 *ru!-
where 0 < f; < t,- -+ < t, < T and B is a measurable subset ofth?' -fold pf

uct of R, then P:[A] is defined as

(2.6) Pil4] =f pelty s %, 0000l — 8y, 01 Do)pelly — buct s In10 ) o
B
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The relation (2.6) completely determines P on Q. The family {P:} is referred to
ag the Markov process corresponding to the operator L, . For more details anfi
$or further properties of {Pt}, such as the strong Markov property, the reader is
seterred to Dynkin [3]. ‘ .

We are interested in the behavior of P as & — 0. For this purpose we introduce
Slunctional I(w) on (2. Letus denote by a~1(x) the matrix inverse of the coefficient
satrix {a,4(x)} at the point x. If § is a vector, then fa~1(x)0 will denote the quavd\-
e form using the matrix a~*(x). For any w € €) which is differentiable, di{7)
will be the vector dw(7)/dr. We now define /(w) as follows:

If w is absolutely continuous with a square integrable derivative on [0, Ty,

then

T H
2% Ho) =1 | lomatotmatn) or.
otherwise, -
am Iw) = + .

We have the following theorem concerning I{w).

Turorem 2.1, The function I{w) is lower semicontinuous on all of . Moreover,
00wy finite constant N, the set {w:1{(w) = N} is an equicontinuous family of continuous

Wsetions on [0, T.

Ihe proof is straightforward and is omitted.
We next introduce the global Riemannian distance d(x, y) on R, . For smooth
Sietions w(r) we first define the length

2 T 7 T
(28) Hw) = | VaolraYolr))o(r)dr,
[

W0 then we define
i dlx, y) = inf o).

Lw(0)=x
@ Tr=y

B clear that d is independent of T and is the natural geodesic distance; [{w) is
Ui‘ursv the geodesic length.

& here is o relation between I{w) and {(w). The geodesic length f(w) is

Wbependen: of the parametrization of the curve, whereas I(w) depends on the

Mrametrization. For, a class of w all representing the same curve /(@) is minimum

' the curve is parametrized so as to cover equal lengths in equal time. This
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corresponds to the fact that for the minimizing parametrization the in

" tegrand g
(2.8) is a constant. We therefore obtain e

Lemma 2.2, FrO0 S a < p=T,

d?(x, y
inf I(o) = 202
cola)=2 2(,3 - (X)
O w(f)=y

An obvious extension is

Lemma 2.3, For 0 S <ty <ty - <t, =T,
. Prodhd?(,, ) x)
inf o) =- M .
w:q)(fj)‘):xj j=1 [j+1 - tj

J=1,2,---n

We are now ready to state the main theorem of Section 3.

TaeEOREM 2.4, Let C < € be closed and G < L) be open. Then

lim sup e log P2[C] = —infI{w),

g0 W€y
Y
lim inf ¢ log PE[G] = —inf [(w) .
-0 wed,
yor

In proving Theorem 2.4 the following theorem proved in [7] plays an g
tant role.

THEOREM 2.5,
lim — 2tlog p(t, x,») = d%(x, )
-0

uniformly over all x, y suck that d(x, y) ts bounded.

The rest of this paper, namely Sections 4, 5, 6 are applications of Theores }2"1
In Section 4 the following problem is considered: Let D < R, be an oper 0
with a boundary B. Let us consider the solution p (¢, x, y) of equation

with the boundary condition

1.1} bt

pDU? x:_y) -0 as x—>B.

vant
In other words, the process is killed on reaching the boundary B of /. Wews

to consider the behavior of
(2.9) fim 2215 % 7)
t—=0 [?(t, Xy _}’)
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B points %, ¥ in D. We introduce the distance

- dD(x,))> = o inf l(a)) .

o olT)=y
wlr)eD for 0=r=T

L suitably smooth regions D it is shown that

lim — 2tlog pp(t, x,5) = di,(%, ) .

=0
Moreover, the ratio (2.9) behaves as 1 — 0 as follows: If the geodesics from x to y
4o not leave D, the ratio goes to 1. Otherwise it goes to 0. This is a rough form
o the result. The precise version will be foynd in Section 4.1} Section 5 is con-
“oned with some applications to certain differential equations. Section 6 deals
With the case when the operator L has an additional first order term. Essentially
e same results can be obtained in this case. In fact, they are deduced from the

P'I'l"\vl"ﬂ.f Casc,
3. Behavior of {P}}

Let lrl =ty <ty <y <t, =T be some time points. We shall denote
8 = this partition of the interval [0, T]. T, will denote the map from € to the
# + | -fold product of R, defined by

I~31 Tﬂa) = {0)(t0>’ U)<t1>: Tty Cl)(lf,)} .

For any set A4 in the range of 7' the inverse image T4 is defined in the usual
Sanner. We then have from (2.6)

3.2 PAT A = | Tl .0t — i1, 050,05) dyy,

Ay =1
SUere s the section of A with Yo =

Kiwna 3.1, Let C < Q be a closed set of the form C = TA, where A is closed.

T?.m

Hm sup ¢ log Pi{C] = —inf [(w) .

=0 wE('y
Yy
? 3 : . T
Proof:  First let us suppose that A4 is closed and bounded. Then
3.3 %
PCl = 11 p:lts — 505 05005) Dy
. Ay =1
L] .
R I‘\ Hiore detailed investigation of this behavior for the case of Brownian motion was carried
7y Ci

esielski (1],
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From Theorem 2.5 and Lemma 2.3 we see that

Ly
lim sup ¢ log PE[C] < lim sup [ —inf =S _J_};LJ_)}
y-’g Yy Vi Un€dy 2 zj - f,*wl

2
< —inf 'I"Zd (Y1525

Y1.¥n€d g 2 tj - tj-l

= —inf I{w) .

@€y

The first step follows from straight-forward estimation of the integral (3.9 wsing
the uniformity assured by Theorem 2.5. Since 4 is closed and bounded, poinn
chosen in 4, have limit points in 4, as y approaches ». This justifies the second
step. The last step is the identification furnished by Lemma 2.3,

1f 4 is unbounded, we choose a A large enough so that

(3.4) A > inf H{w).

WE€Cx

There is a standard estimate (Theorem 0.5, page 229, Volume II of [3]) of the
form

L
|

o
o P | g 7 =P

<
(3.5) pult, %) < o

We now define
Sp = {!}0[ é P> !,yn‘ é P}

and §¥ as the complement of 5, . From (3.5) we see that we can choose p JaEe

enough so that for all y in a compact set K
(3.6) PLTAS¥) = Me ™.
Let us set

C, =T ANS,],

P
C;" = T;l[S:] .
Since 4 N S, is bounded and closed,

lim sup ¢ log PA[C,] £ —inf I(w)

g0 w€elp
Yy x w€Cx
< —inf I{w) .

weCg
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From 3.6) we have
lim sup elog PI[C¥] = —A .

£ 0
Yy

e P4[C] < PLIC,] + PILCTL
lim sup e log P{C] £ ~inf I(o) .

e 0 W€l
y—x

-

We now choose for any integer n equally spaced time points 0 = £, < £, <+
| = I. The partition has a length 4, = T/n. We denote by w, the trajectory
Wtained from o by taking the points {w(t;)} and joining the successive ones by
gedesics with natural parametrization. If there are several geodesics between
two such points it is immaterial which one is chosen. In this way we obtain for
sl @ a @, which is piecewise geodesic and

U)(tj> = U)”<tj) 3 ] = 0’ 1) 2] ceeLm.
Lesma 3.2, For every & > 0,

lim sup lim sup sup ¢ log Pi{llo — o, Z 6] = —o0.

n—ow g0 x

Proof: In [7] it was proved (Theorem 3.5) that if $(4, z) is the solution to
the equation
Lé = g for ze U,

b =1 for zedlU,
where U s the set

U= {z:d(x,2) <7},

with a h«ruudary 8U, then for every u > 0 there is a constant M, such that, for
M S 9, and for all x € R, ,

8.7) $(0, %) £ M, exp {—V2An(l — p)} .
30&1’1& that if 7 is the first exit time for the process starting at x for the set U,

W€ then have

$(2, %) = EJe ]

W,
* fonclude that the expression

3.8

bz, A, x) =fe"“ dP:




A CE s e e

:ayw.’fh 'ﬁﬁ.’-.-—-:

666

8. R. S. VARADHAN

satisfies the equation
eld = Ad in U
¢ =1 on ouU.

Consequently, from (3.7), we have

ey
dle, 4, x) £ M, exp {— 2?7](1 — /‘)}

Choosing ¢ = 1 ~ 1/\/5 , we obtain

ple, 4, x) = Mexp {*—\/g 7]} g

Using (3.8), a Tchebechev type of estimate yields

Pilr < /] < M (|
T = A S Mexp = Zal
€

We notice that

Pr=h] = P;[ sup d(w(t), w(0)) = 7/:]

0s(=h
and we therefore obtain, for all x and N = N,
, [ 7

(3.9) P;[ sup d(w{t), w(0)) = nj = Mexp|{— — .

0=tzh | 4eh
We want to estimate

Po| s do(), o,0) 2 2]

o=t=1T

Since (t;) = w,(t)) for j =0, 1,-+-, n, and w, is piecewise geodesi

(tj H t.'i+l>a
d<(’[)ﬂ'(t>> w77<tj>)

1A

d<0)7r<ty‘+1>3 w,(t;)) = d<w{[’j+1>! w(t;))

A

sup  d{w(t,), w{t)) .
FEST- TN
We now have

sup d(w(t), w,(t)) = sup  sup d(w(l),w,(t))

[

o=t=T 0ZiZn—1 ;218
(3.10) = sup sup  [d(w(t), olt)) + dl@ith @
0Z5Sn-1 ;5120
=2 sup sup  d(w(1), o)) -

0= =n-1 t;=tsty,,

I

I &
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Markov property and the inequality (3.10), we obtain

From the

p sup do) on(0) 2 20) S P s sp ol o(t) 2 1)

<< T 0= jZn—1 ;545 0,
et T

n—1
=3 PE[ sup  d{m(f), o(t)) = ')]}
=0

TS <3 fIN

= nsup Pi[ sup d{w(t), w(0)) 2 //}J

r 0=t=h

Wexp |— L),
PEEPAT Tl

A

Soee v — 3| < B d(x,y) for some 3, we have for 0 = 4,

52
1682eh)

\ f
Pilllo — 0,1 Z 0] £ nMexp |~
Lequently,

lim sup lim sup sup ¢ log Pi[lo — w | =06] = —o0.

n— o £—+0 x
LuroreM 3.3, For any closed set € < Q,

lim sup ¢ log PE[C] £ —inf I{w) .
e—0 we ('
Y=

Proof:  Let us define for & > 0 the sets ¢, and Cg as
G, = {w:weljo0) - <o},
D= {ziz — wf < 6 for some @ e} .
W8 introduce the function
I%e)) = inl Iz} .
RS
Aher, 1 ) is finite everywhere. Moreover if
T, = inf I({w) ,
wel]
ther, ,,

C, = Py = T, . Sincey — x we can assume | y — x] < 6. Wewould
ﬂ. \ e 3
®refo,

¢ obtain

PIC) = PA[C;) < Po[P(w) 2 Ty) .
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PeR@) Z T,] = Pllo — ol Z d] + Pifl{w,) = T,)

S .
13.12) lim lim sup sup ¢log Pi{llo — o || Z 0] = — .

n o &0 -

The set [I(w,) = T,]is equal to

e LS PO, 00) Té} -
25 L
Hence for every n,
(3.13) lim sﬁup elog Pifl{w,) 2 T;]1 = —T5..
indd

It follows from (3.11), (3.12) and (3.13) that

lim sup € log Pi[C] = —T5.
£0
YT

This is true for every § > 0 and lim T == T, where
50

T =inf{w) .

w€Cz

The proof of the theorem is now complete.

Lesia 3.4, Let f€ Q and £(0) = x. Let V be the set V = {w o =S8

where § > 0. Then
lim inf & log PSU] 2 —~I(f) -

0
Yy

Proof: We can assume without loss of generality that 9 is small an

I{f) = a < o0. Let V_denote the set

V, = {o:|o(t) —f(t;)| S yoforj=01,2-",n:
then

Piv,] zfA TT 2.0t = tioa s 25050 D
where 4, is the set ’

A, = {y:|y; = ft)] = $0 forj =0, 1.+, n}.

669
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2 |

orem 2.3, one can obtain

lim inf ¢ log PV, ] 2 —1(f;)

BE T =

£—~0
o z —I(f).
derelore suflicient to prove that
lim lim sup ¢log Pi[U, — U] = — 0.
B0 g0 .
YL

e that w € V, — V=) — U £ 36 for all j but o) — )] = a.
Jnplics that, for some interval {; S ¢ = £y

o) = <3, ol =] <19,

Wr —frizoforsome Tint =7 =t "Further, we can choose n
enough so that, for the resulting 7, | f(7) —ft)] < Poforallriny;, 7=
We conclude from all this that, if o € V, — 7, then |w(r) — w{f)] > }d
i, .1,y for some j. Hence dlw(7), ®(t;)) = p1o for some f > 0. This
aplies that Hew) Z f*02/32h. Moreover, V, — Vis closed and therefore,
3.3,

lim lim sup &log Pe[V, — V] = —o0.
kA od 20
Yy e

Stablishes (3.14) and hence the lemma is proved.

vones 3.5, Let G < € be open, Then

lim inf & log P[G] Z —inf I{w) .

e—0 o€l
Y
k- Wl Since G < Qs open for f € Q, there is a sphere IV around f contained

By Lemma 3.4,
lim inf ¢ log P[G] = ~1(f) -

e—0

| Yz

Wi for all £ e Q with £(0) = ». Hence the theorem is true. Theorems 3.3

tain Theorem 2.4.
Sonclude this section with a corollary to Theorem 3.5.

WLiaRy 3.6, Let A < Q be measurable, A° and A the interior and closure of A.
Rl for x & K (K compact)

inf ().

WEA N Qe

inf [{w) =

wed NQy,
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Then é1x) is continwous on K and

lim & log P24} = —d(x)
Lindy

uniformly over K.

4. Fundamental Solution in a Subdomain

D < R, is an open set and we kill the process at the boundary B of 1)
consider the lundamental solution q.(L, ¥, v) of the equation

It is clear that

2.0 x.3) S polt 0. 3) .

Moreover, if we define the set function

(+2) ity d) = (005
o

for sets 1 < D), then the connection between 4.2} and the measures /

(4.3) gt d) = Pilool e d, ofr) e Dfor 0 < 7 < 1}

Let us introduce two subsets of €,

G ={m:w(r)ecDfor0 =rs7Ty,

and

G = closure of & .

Then G < {m:owlry e D U B for O =75 T In some cases the ¥
proper and that is relevant. We introduce the disiances

dp(v,3) = inf lw),
o{0)=x
@{T)=y
weld

and

dply,y) = inf lw).
»(0)=r
@{T)=y

W= A(F

e
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Whe set [ s called “smooth” if dpy(x, v) = dp(x, yj. This means that if a trajectory
i length [ can be approximated by trajectories in D, then it can be also approxi-

o by trajectories within D whose lengths approach /. In such a case we siall

w by dptx,y) the common value of d;, and d,,. We can check that the

relations hold: -
inf J{w) ! d3(x, %)
mt fw) = == d7(x, ),
we T o

(@)=
wl{T =y

el

. PN 9 \

inf I{m) = — L[})(\x, ).
ws@ 2T

o{)=x

@(T)=y

Lovwa 4.1, For 4 < D and closed.

M

lim sup e log ¢, (T, », 4) £
g0
y-x

Proof:  Let us take (0 < Q as
C={o:T)ed, ocCGl.
Hhen from relation (4.3), we have

5 ; T - D[
hm sup e log ¢,(T, », 4) < lim sup « log PE[(]
£=0 gt
v u—ax

= —mf o) = —

we(,

— infd*(x, 2).
2T o~

Betima 4.1 is only a weak version of what we want to prove. To study the density
LU0 we use a slightly different approach.

Lesna 4.9, [, x, ¥ be points in D, Then

r .
lim sup ¢log ¢, (T, », ') & — ST dplx, ) .
=0
P
iy

11 Letus take a neighborhood S, around y of radius 6 and a neighborhood
S ATouncd Ss of radius 8. Let 7 be the first time the set 8,5 1s reached starting from
then for 7 ¢ S5

9:(T, ", 3") =f gt — 1, (1), ") PL(do) .
Jr T

@ =
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Since w(7) is in the boundary of S, and 3" is in 5}, we have ol -
Moreover, ¢,{t, a1} = p,0t, 5, ») and, if ¥ and » are kept away, the fun
bounded. Hence tor all o(7) and )7,

g T — 7 iy, 2 £ M < o

@

Continuing with (4.5) this yields

. T80 S MP owe G r £ T].
Therefore,

5 \ Lt | Sealiw RANP ot
Hm sup ¢ log ¢, (77, 2", 9" =
g0
xr o
y' =y

— —— inf dj(x, z).
25520

Since this is true for every 0 > 0, we prove the lemma by Jetting 6 — @,

Lemua 4.3, For A = D and open,

L . 1 L dh(x, z)
liminf elog q.(7, », A) Z —inf —"—"
£ 1) 8.4 2r

Yy

Proof: We have

¢T3, 4) = Pilowe G w(T)ed].
The set on the right is open. A direct application of Theorem 3.5 yiel

hminf elog g (7,3, 4) = —inf I
£20 w (i,
vy (T ed

Lumma 4.4, Let K = D be compact. Then for A > 0,

i
o

Iimint e log g, (A, x,p) = 0.
e

T, yER

fe—u]—0

Proof: We use the formula

o7

Q£(A x;)”) == /)s((‘):‘ﬁ 3;4‘_}':) - ( pL(A — T, U)(’T),)’:)Pi(\d‘v) b
A

i

dar

Bhere 7 is the first exit time from D.

0 = i)
B
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|z n > 0forall y e Kand w(r) € B. Therefore,

-

gS(\A3 ‘X‘7.JJ‘) é 1{7€<A7 'x’yy) - Sllp I)E(\llj b))")

e
% beRT

. ) 0w A
46

vER

= p (A, x,y) — Memtnle

Sie by Theorem 2.5

i

We

bm inf ¢ log p (A, x,3) = 0,

£ 0
je—v{—0
fllows from (4.6) that }
lminfelog ¢ (A, v, 3) 2 0.
sk
le-yl~0
Livva 4.5, Let x, p be points in D. Then
liminf e log ¢,(T, ¥, ") Z — — d}(x, ») .
e—0 27T~
s
Prool:  Since ¢,(t, x, ») satisfies the semigroup property,
([€<T, x,J )},\) = { ge(T - A> xl> Z>QE<A, Z»J'\) dz
Jo
g { [lg(T - A: xla :)(]E(Aﬁ :>V1',) dz
Jz€S
= q (T — A, 2", 8 inf g (A, 2, 7).
z€8

ke 8 to be a small sphere around y of radius 4. Then,

i inf ¢ log ¢ (T:x', ) Z liminfelog g (T — A, %, 5)

e £—0
::-; g . . - 2 ’
+ lim infinf ¢ log ¢,(A, z,5") .
e~ ze S
s’
‘-umbuninq Lemmas 4.3 and 4.4, we have if we let 0 — 0

. .o 1 -
lln::(l)/lf £ IOg (]E(T> X,y /\ g S i"{m i)(ﬁt,)’) 5

¥y

67

Q

o)

Since y e K < D and K 13 compact,
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Since A > 0 is arbitrary, we complete theAproof of Lemma 4.5 by teti

& _lere 7 is the first time the trajectory enters a set S,; around y after reaching the
Lemmas 4.2vand4.5 yield 5 »0

bundary B of D. Hence, by suitably letting 6 - 0, we have

EaE

THEOREM 4.6, Let D be smooth. Then

1
limsup elog R (T, x',y") £ — — d¥(x, ).
£~0 QT
i

. i
lim elog ¢,(7T, x,y) = — o7 5 (x.)
o For any region D with boundary B, Lemmas 4.8, 4.2 and Theorem 2.5 imply

uniformly for x, y € K, where K < D is any compact sei
) ) lim 2¢ log p(t, x, ) = —d?(x, ),

L ———— . m—

=0
Cororrary 4.7. For D smooth,
4.9 lim sup 2t log ¢(t, %,3) = dp(x,J) »
. -0 !
lim tlog g(t, x,) = —$d(x, ) t .
=0 lim sup 2t log R(t, x;9) £ —d5(x,9) .
Let us set =0
: An immediate consequence of (4.9) is
(4.7) Ry(t, x,3) = Pt %) ~ 4.l %),
Turorem 4.9, Let x, y in D be such that all the geodesics from x, y lie completely
(4.8) di(x,») = inf l(w). wilin D, Then ihe same is true for all a, b near x, y, respectively, and
u‘;’((%));fl b
DA {, a,
Then LU
I =0 p(t, a, b)
i — o JE2 . .
C)l(gl,{:m]((j)) - QTdD (%) - Semly for a, b near x, y. On the other hand, let x, y in D be such that no geodesic from
R : S0 can be approximated uniformly by paths completely in D. Then the same is true for

BES, b near x, y, respectively, and
Moreover, it is easily verified that

. q(t,a,b)
X ) lm ——= = 0
dp(x, ») = inf [d(x, z) + d(z,9)] . t=0 p(t, @, b)
2€B
nl;f‘- mly s > .
Lremmva 4.8, 2Jor a, b near x, 3.
li 1 2 of 1 ke ) k i i i i
m S:)lp elog R (T, x",y') = — Q—T(/D“(A‘,)’) e ' 5. Some Associated Differential Equations

=

. . i . .

o . LetD) = R, be a domain with boundary B. We assume throughout this section

o ;mf the set of points b & B, with the property that every sufficiently small neigh-
Proof:  This is proved in a manner similar to Lemma 4.2, In order (0 8008 “He0d N, around b is disconnected by B, is dense in B.
’ fr ’ al ] first and thes ’
¥ from «" by a trajectory not in G, we have to reach the boundary first a8 : y ”f' Let ¢ v, 4) be the solution of the equation
come to a sphere around y. From this point on the proof is exactly HEE that' @
Lemma 4.2. Since 7 is defined differently, sve end up with 0°¢
’ 1 R .
ag,(x = 4 for xeD
?z k¥ ) axl axj ()b 2

RAT, ) = [ it =, ), Pl
) =t =7 0P o) il e s
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We then have
-THgoreMm 5.1.

1
lim — —=log ¢/x, 1) = d(x, B)
A~ V24

uniformly in x over compact subsets of D U B,

Proof: Let 7 be the exit time from the set D, Then the solution' &/ v, i o
equation (5.1) has a representation

»

b ) = [

=f€*"TF(\x, iy,
where
Flx, t) = PIr = t].
In order to estimate ¢(x, 4) for large 1 we need estimate F(x, {) for small 1
Flx,e) = P[r £ ¢] = Pi[r = 1].

Let ( be the set

A

C={w:w(s)eBforsomes, 0=Zs5s= 1)
Then € is closed and € = {w:7 £ 1}. Therefore,

lim sup e log F( y, &) = lim sup & log P[(]

£ 0 0

(5.2) um vz
< —infI{w) = —Ld%x, B) .

Cz

0 i,..m"

Let G be defined as the set of trajectories o for which there are tw |

0=u <u, =1 in the time interval 0 <5 <1 such that, in th -"-'"f"":‘
Uy £ 7 = uy, w(r) lies completely in one of the disconnected neighboris %! oy
;N " 5 ‘ nnected st
and o(u;) and w{u,) belong to two different components of the disconns X
N, . Itis clear that Gis open and G < (. Therefore,
lim inf ¢ log P[] Z lim inf & log P5[G] Z —inf [{o) .
e=0 e~ W€ Gy
¥y ¥
. . . ~orted, LS
Let b € B and N, be a small neighborhood around & which is discon -
9 . N . , N . ¢ nate
sider the trajectory m(r), 0 < 7 < 1, which is a geodesic from x to b, ded
=7T= <tended

rally parametrized. Then /(w) = }d%(x, b). The trajectory o{7) can be
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dightly 0 that it penctrates into two different components of N, and lies com-

Wy in N, in between, This can always be achieved by choosing V, small w.ith
ey 2 dlight increase in J{»). The parametrization is to be adjusted bj/ rescaling
nmf o that the tme interval is still 0 £ s = 1. The final conclusion is

inf I(w) < inf1d%(x, b)

wE Gy be By

Llere B, is the set of points in B for which the construction is possible. By
Lumption, B, is dense in B. Consequently,

£—+9
yx

lim inf ¢ log F( y, &) = —4d*x, B) .
i

o

Alng with (5.2) this implies r

lim ¢ log F(y, &) = —1d%x, B),
£=0
Y+

nnce

dlx, A) = [e"’*’F(x, dat) .

o

Standard estimation yields

1 . .
lim ——= log ¢( 3, 4) = —d(x, B} .
i V24

Y

We still assume that we have a domain D with a boundary B satisfying the
Sdition described early in the section. Let us define for any set I' < B (I
Sessurable) the function w(x, 4, I') as the solution of the equation

Ly = Ay for xeD,
(3.3 Yy o= 1 for xel,
p =20 for xeB —1T.

Then ¥ix. 4, T') has a representation

5.4 wix, A, 1) :fg“-tF(x, I, dt) .

I+ .
RS the first exit time from D), then

(5.5

F,T,6) = P[r S tw(r)eI].
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We assumne that D) is smooth in the sense of Section 4. Moreover, we

the property extends to the boundary B. The actual assumptions are as £

G={w:wreD for 01T,

G = closure of G,

dp(v,p) = inf l{w),
e
@(0)=a
() =y

dp(x, ) = inf [{m),
wel
ol0)=x
w(T)=y
then d,(x,9) = dplx,») for all xe D and ye D U B. We denote the o
value by dp{x, ») and by d5,(x, b) if & is on the boundary.

Lemma 5.2, For I' © B gpen and x € D,

1
Lim inf —— log 9( y, A, I') = —infd(x, b) .
imx V24 ver

Yy
For I © B closed and x € D,
. 1 .
limsup —= (1, 4, I') = ~infdp(x, b) .

imew V2R Ber
-

Proof: As in Theorem 5.1 we study
Fix,1, &) = PJr < e, 0(r) e '] = Pi[r £ 1, (1) € T'].

Let {7 be the set
U={w:r=1,ornel}.

In order to show that

(5.6) liminf elog F( 3, 1", &) = —Linld}(x, b,
£—0 bel
y=rr

it suflices to show that for any given # € I" and 4 > 0 there exists an inter
wy of U (U is not open in general) such that

(5.7) Hwe) < 3d(x,0) + 0.

Let b & I be given. Then there is a 4" near b for which the discon
et 5 . PN co N e ua
condition holds. Let us take a o’ in G with /(1) = & and I’} nearly ¢4
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., We take a point near b on o’ inside D and connect the point with 4’
L 4 geodesic not necessarily inside D. Then we repeat the construction of
arem 5.1 to get a @, which penetrates into two different components of a
fisconnected neighborhood N, around 4. Any trajectory close to wg will

,exit at a point near b or ', Since I' is open, things can be managed so that

pave |

U these trajectories exit in I, I(wg) of course is not much larger than }d5,(x, b).

1 proves (5.7) and hence (5.6). Now let I be closed. Then the set
C={w:w@s el forsome 0 £5=5 1L, wel}
o tlosed and obviously

lim sup e log F( 3, I, £) < lim sup ¢ log Pr{(7]

=0 =0
g ¥y
- I IS B
= —inf [w) = —Finfdjx, 8).
wE(, per

the lemma is then proved using the relation {5.4) and the properties (5.6)

and (5.8). \

\We now consider the solution ¢(x, ) to the equation

L = 1 for yebD,
¢ =hib, 1) for beB,
wi T
5.10 h(b, A) = exp {,\@j hib)}

sl

SIS A0y 3s a bounded continuous function on B.
Throrem 5.3,

]
lm —= log ¢(x, 2) = sup [A(b) — d,)(x, D)]

i V24 veR

Sy aver compact subsets K < D,

e ; r. AT

frool: We use the formula

dlx, Ay = {h(b, Jypix, A, dby .

B - o -
"‘f""“-i 3.2 is all we need to be able to use Theorem 3.4 of [6] and the theorem
$ollo. . R K i 2 )
4 "% It is elementary to see that the uniformity in Lemma 5.2 carries over to
e

unifi

Tmity asserted in the theorem.
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Finally we turn to the following initial value problem: w (¢, x} is the «
of the equation
du,

o
ET = delu, + % E a;(x)

ou, du, + Pl x
e o
a.x‘l' ay\; L x) b

(5.11)
u, (0, x) = Vix).

Let us suppose for simplicity that Fix) and Pif, x) are continuous and |
We are interested in the behavior of «,(t, x) as e — 0.

THEOREM 5.4,
Lim a8, ) = u(t, )
=0

exists and

!
u(t, x) = sup [V(w(t)) +{ Pt — 7,0 — 7y dr — ]{(u)] .
JO

WEQ,

Proof: Let us set

1
v, (t, x) = exp ‘l— (L, *)J :
&

Then the equation satisfied by o, is

ou I
— = le Lo, + ~ 0, P,
g Tttt 50
(5.12)
1
2,(0, x) == exp {~ I'u)} ;
L&

hence the solution is given by the function space integral
\ . . e e
v,(t, x) = | exp ‘l_ View()) +—-| Pt — 7, 0(m) drj"]ﬁ(z'(,l)) .
L€ £ Jo

We now appeal to Theorem 3.4 in [5] and conclude that

lim (¢, x) = lim ¢ log v,(1, x)
e 0 £0

Il

sup [V(w(t)) +f? Pt — 7, (7)) dr — 1(”)}
WEQ, it

Remark.  With a little more effort one can show that the limit in | _
is actually uniform over compact subsets of f and x. One can also 1€ .
boundedness of P and J by reasonable growth conditions. A similar a] .
the case when L is the Laplacian was carried out in [2] using the resulis 58
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6. The Case With a First Order Term

We assume that the operator {2.1) has an additional first order term:

N
Lof =4S ayf) 5ot 4 5 0,(0) -

9x, 0

The cocllicients {a;;(x)} satisfy the assumptions postulated earlier. In addition
e assume that

0] S M < o,
1b,(x) — b( )| KA |x —

Let g 1, x, 7) be the fundamental solutiondor the equation

E}?=L0‘1-

I we replace Ly by ely, we get a family

q.(t, %, ) = g(et, x,9) .

Uilng the densities ¢, (¢, x, ») we obtain a family of measures Q¢ . The following
Hheorem is proved in [5].

Tueorem 6.1, For cvery x and e the measure Q% on L is absolutely continuous with
et to P and

d0¢ T L R
dgf =P {L bleo(r))a (7)) dio(7)

= —}53(T[b(a)(r)‘)a‘l((,u(r))b(‘w(f)\)] (/T} .
O

Remark, Although the assumptions in [5] are stronger (the Holder exponent
# 8 asumed there to be 1) the theorem can be proved under less restrictive con-
Sillons. For instance in [3], Volume 11, Chapter XIV, Section 6, it is carried out
by a different method when a;{x) = d;;. The same method will work in the
Mesent case, It s elementary to obtain the following estimate.

Leva 6.2. If we denote by Fle, w) the exponenl in the Radon-Ntkodym derivative
8 heoren: 6.1, then

fexp {AF (e, w)}Pe{dw) & exp {Cell®} .
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Proof: One uses the fact that

: :
exp [)[ blwlr))a Y oln) do(r) — {,228( [blwlT)a Halr))blo()
: 0 Jo

is a martingale relative to P! .
TuroreM 6.3, For G < Q open and < L2 closed,

liminf QI[G] Z —inf I{w) ,

g0 wE,
Y=
lim sup Q3[(] = —inf I{w) .
£+ we (',
Yy

Proof: We have

Q:C] = [‘ exp {F(e, w) P [dw]
Jo

v

e—APj[G N A{F(e, w) Z —A}]
= e PG — P |F(e, @)] Z ] .
Tt thercfore suffices to show that

(6.1) lim lim sup ¢ log Pi[|F(e, w)| 2 A] = —©

e A e—0
uniformly in y. Similarly,

Q16 = | exp (e, )3t
C

v

= APHCT + [ exp {Fle, o) Pido) .
JIFg,0) A

Hence we need only show that

(6.2) lim lim sup ¢ log [ exp {F(e, o) Pi{dm) = —®

A% g0 JiFz

uniformly in y. Relations (6.1) and (6.2) follow easily from Lemma 6.2,

TraEOREM 6.4.

lim —2tlog ¢(t, v, 3) = d*(x, )

t—0

uniformly in x and y over compacl sels.
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Proof: We have the following estimates from Theorem 0.5, page 229, Vol-
ume Il of [3]3

16.3 glty %, 9) £ M2 exp {—- % [x —))IZ‘

‘ )

g{t, %, ) Z M2 exp {—— oc; lx —_y['zl

21 J
b.4

1 ! PER Bounp. Let 1, » be two points in Ry, We choose a sphere S, around y
o radius 6 and a sphere Sy of radius & around Sos -
W8, . We assume that y' — j and hence y’ € S&'
Wi the set B for a process starting at v'. Then,

Let B denote the boundary
. Let 7 be the first entrance time

gt ', ") ’-—"J‘(‘tq(i — T, (/)(T),)")Pw,(dw)

= sup g, 2,y Polr <],
0wzt
: |2 —y'{ =8
Fom 16.3) we have

sup  q(u, 2, ") LM < .
e t

Hence Theorem 6.3 yields

lim sup 2/ log ¢(t, +', ') < lim sup tlog P [ = 1]

s £

= —infid?x, z) .
zel3

Retting o . 0, we find

Im: S;Ip 2tlog g(t, x', ') £ —1d%(x,y) .
e
¥y

Lowex Bouxp,
6.5

Equation (6.4) gives, for every A > 0,

Inf inf gt x,3) =0 >0 for i small .

0=t=ty |a—y| At

Le

1 X, y b 5 .
S Bepomtsin R, . Let x’ — x and ' — 3. We define the sets

U={zjz—)=1,
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and
G, ={wobyel;}.
Then,

f Pl A ) dy = [ pit, X ) de
e

Sa-y e
= ot inf pit, &', v) .
Ve
Consequently, from Theorem 2.5, we obtain
Iim inftlog P,{G,] = —3d%(x, v} .
=0
z' =
vy
Rewriting this inequality by introducing the measures P2, we have
lim inf ¢ log P21G,] = —4d%x, 5,
[ndl]
a’ - x
'y

where we redefine

G, ={w:wl)el,.
From relation (6.1), it follows that

lim inf e log Q2.[G,] = —1d3(x, ) ,

-
Tr,“’l‘
Yy oy
or equivalently that
(6.6) lim inft log[ qlt, &'y o) do = —Ld¥(x, p) .
£ 0 Jay
z' =

Now,

g(f, x,>.y’> =fq<t<1 - A\)3 xla l’)?(‘AI‘J Z's}’,) dv

v

f g(t{1 — A), &', v)g(At, v, 5) dv
p

Gy
= infq(A¢, r,y')f g(t(1 — A), ¥, ) dv.
vEG, @
Using (6.5) and (6.6) we arrive at
1 S
lim{jrﬂ)ft log q{(¢, ', y) = — m d*(x,p) -
vy

Allowing A — 0 we prove the theorem.

e " B
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